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Two recently found coupled BPS submodels of the Skyrme model are further analyzed.
Firstly, we provide a geometrical formulation of the submodels in terms of the eigenvalues of
the strain tensor. Secondly, we study their thermodynamical properties and show that the
mean-field equations of state coincide at high pressure and read p = ρ¯/3. We also provide
evidence that matter described by the first BPS submodel has some similarity with a Bose-
Einstein condensate. Moreover, we show that extending the second submodel to a non-BPS
model by including certain additional terms of the full Skyrme model does not spoil the
respective ansatz, leading to an ordinary differential equation for the profile of the Skymion,
for any value of the topological charge. This allows for an almost analytical description of
the properties of Skyrmions in this model. In particular, we analytically study the breaking
and restoration of the BPS property. Finally, we provide an explanation of the success of
the rational map ansatz.
PACS numbers: 12.39.Dc
I. INTRODUCTION
The Skyrme model [1] is a highly nonlinear effective model of nuclear physics, which has had
some success in replicating nuclear states. A consequence of this nonlinearity is that physically
interesting solutions, called Skyrmions, have only been identified numerically revealing very sophis-
ticated geometrical structures [2], [3]. The task of finding soliton solutions in Skyrme-like models
is sometimes simplified by the possibility to reduce their second order Euler-Lagrange equations
to first order equations - the so-called BPS equations. The corresponding BPS solutions then sat-
urate a topological energy bound known as the Bogomolny bound. The Skyrme model [1] is not
BPS, and hence its equations of motion cannot be reduced to first order equations. However, it is
possible to identify certain BPS submodels of the Skyrme model [4], [5]. The understanding and
analysis of these BPS submodels is important for several reasons.
First of all, the much simpler solutions of the BPS submodels may reveal certain qualitative
properties of full Skyrmions in an analytically tractable way, or they may provide useful starting
points for a numerical treatment of the full model.
A second reason is related to another significant problem in applying the Skyrme model to
nuclear physics, namely that its static Skyrmion solutions are too tightly bound to replicate ex-
perimentally observed nuclei. Conversely, BPS Skyrmions have zero classical binding energies by
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2construction. Consequently, there have been proposals to solve this problem by the inclusion of the
so-called BPS Skyrme model [4], [6], [7] consisting of the sextic and potential term or by inclusion
of infinitely many vector mesons [8], [9]. Alternatively, one can add suitably chosen repulsive po-
tentials to reduce binding energies [10], [11]. Furthermore, vibrational quantisation of Skyrmions
can reduce binding energies [12].
Quite recently, BPS submodels of the original Skyrme model [1] have been identified [5]. This
allows, within each submodel, to reduce the static field equations to more tractable first order
differential equations. The two submodels constitute the original Skyrme model in the sense that
the full model is a sum of these two submodels, but they are not proper Skyrme models on
their own. This means that eliminating one submodel by a suitable choice of coupling constants,
simultaneously eliminates the other one. As they always appear together, it is natural to call them
coupled BPS submodels. Nonetheless, one can study each submodel separately, and their solutions
reveal interesting properties of Skyrmions. For example, it has been shown that the origin of the
success of the rational map ansatz approximation has its roots in the first coupled BPS submodel
which has rational maps as exact solutions.
The existence of such coupled sectors give us a unique possibility for some analytical insight
into the complicated structure of the full theory. Our aim is to further understand the properties of
the coupled BPS submodels and of certain extensions which result from the inclusion of additional
Skyrme model terms.
The Skyrme model [1] can be expressed as
L = c2L2 + c4L4 + c6L6 + c0L0 with (I.1)
L2 = −1
2
Tr LµL
µ, L4 = 1
16
Tr [Lµ, Lν ]
2, and L6 = −pi4BµBµ,
where Lµ = U
†∂µU with U ∈ SU(2), and ci are dimensionful, non-negative coupling constants.
This has an associated baryon current, Bµ = 1
24pi2
µνρσTr LνLρLσ, and an invariant baryon number
B =
∫ B0d2x ∈ Z. Further, U = −L0 is a potential. In most of what follows, we will assume c2 = 1,
c4 = 1, which may always be achieved by an appropriate choice of units of length and energy.
The conventional Skyrme model, L24 = L2 + L4, is not a BPS type model. Recently, it has
been shown in [5] that when the Skyrme field is re-expressed as
U = exp(iξ(x)τ · n(x)) with n(x) = 1
1 + |u(x)|2
 u(x) + u¯(x)−i(u(x)− u¯(x))
1− |u(x)|2
 , (I.2)
the Skyrme model L24 can be viewed as a sum of two coupled BPS submodels
L24 = L(1)24 + L(2)24 ,
where L(1)24 and L(2)24 are the two BPS submodels
L(1)24 = 4 sin2 ξ
uµu¯
µ
(1 + |u|2)2 − 4 sin
2 ξ
(
ξµξ
µ uν u¯
ν
(1 + |u|2)2 −
ξµu¯
µ ξνu
ν
(1 + |u|2)2
)
(I.3)
3and
L(2)24 = ξµξµ − 4 sin4 ξ
(uµu¯
µ)2 − u2µu¯2ν
(1 + |u|2)4 , (I.4)
where ξµ ≡ ∂µξ and uµ ≡ ∂µu.
The first BPS submodel L(1)24 gives rise to the Bogomolny equation
ui ± iijkξjuk = 0, (I.5)
and its complex conjugate. These equations imply the constraints
uiξi = u¯iξi = 0 and u
2
i = u¯
2
j = 0. (I.6)
The second BPS submodel L(2)24 leads to the Bogomolny equation,
ξi ∓ 2i sin
2 ξ
(1 + |u|)2 ijkuj u¯k = 0, (I.7)
implying the constraints,
uiξi = u¯iξi = 0. (I.8)
These two BPS models independently have the topological bounds
E(1) ≥ 8pi2|B| and E(2) ≥ 4pi2|B|, (I.9)
where E(1) and E(2) are the energies of the first and second BPS submodels, respectively.
There is a third unrelated BPS submodel, the so-called BPS Skyrme model, where convention-
ally c0 = m
2 and c6 = λ
2,
LBPS = λ2L6 +m2L0, (I.10)
which has the BPS static field equations
λ
sin2 ξ
(1 + |u|2)2 i
ijkξiuj u¯k = ±m
√
U . (I.11)
Note that the BPS Skyrme model is a proper submodel, since it can be found as a certain limit
in the 4-dimensional parameter space of the full theory while, as we pointed out before, the first
and second coupled BPS submodels do not have this property. The coupled submodels always exist
together because each of them receives contributions both from the quadratic Dirichlet and from
the quartic Skyrme term. In spite of this fact, it is interesting to study both models separately,
both because of their simplicity and because they reveal crucial mathematical and physical features
of Skyrmions in the full model. Of course, if treated separately they do not cover the whole variety
of phenomena in the Skyrme model L24.
In the present work, we want to further analyze the two coupled BPS submodels, especially
from the thermodynamical point of view (type of matter, mean-field equations of state). We
also analytically investigate the solutions of the new BPS submodels once new terms, such as a
potential or the sextic term, are added. In particular, we are interested in deformations of the BPS
submodels which preserve the ansatz for the ~n ∈ S2 part of the Skyrme field, thus still allowing for
the almost analytical calculation of solutions for any value of the topological charge.
4II. GEOMETRIC MEANING
In order to develop some geometric understanding of these new coupled BPS submodels and
their Bogomolny equations, we use the well know formulation of the static energy integral of the
L24 Skyrme model in terms of the eigenvalues λ2i of the strain tensor [13], [14],
Dij = −1
2
Tr (LiLj). (II.1)
Using equation (I.2) the three eigenvalues of the strain tensor λ21, λ
2
2, λ
2
3 can be expressed as,
λ1λ2λ3 = ±2 sin
2 ξ
(1 + |u|2)2 (i
ijkξiuj u¯k), (II.2)
λ21 + λ
2
2 + λ
2
3 = ξ
2
i + 4 sin
2 ξ
uiu¯
i
(1 + |u|2)2 , (II.3)
and
λ21λ
2
2 + λ
2
1λ
2
3 + λ
2
2λ
2
3 = 4 sin
4 ξ
(uiu¯
i)2 − u2i u¯2j
(1 + |u|2)4 + 4 sin
2 ξ
(
ξ2i
uj u¯
j
(1 + |u|2)2 −
ξiu
iξj u¯
j
(1 + |u|2)2
)
. (II.4)
Hence,
E24 =
∫
d3x(λ21 + λ
2
2 + λ
2
3 + λ
2
1λ
2
2 + λ
2
2λ
2
3 + λ
2
2λ
3
1). (II.5)
The derivation of the topological Skyrme-Faddeev bound is now straightforward
E =
∫
d3x
(
(λ1 ± λ2λ3)2 + (λ2 ± λ3λ1)2 + (λ3 ± λ1λ2)2
)∓ 6∫ d3xλ1λ2λ3,
≥ 6
∣∣∣∣∫ d3xλ1λ2λ3∣∣∣∣ = 12pi2B, (II.6)
where B is the baryon charge associated with the baryon density
B = 1
2pi2
λ1λ2λ3. (II.7)
This topological bound can be saturated if and only if the following Bogomolny equations are
satisfied
λ1 = ±λ2λ3, λ2 = ±λ3λ1, λ3 = ±λ1λ2. (II.8)
However, it is known that there are no non-trivial solutions satisfying these equations on R3. The
case S3 is discussed in the next section.
Let us now analyse these Bogomolny equations in the separation of variables ansatz, where
we chose the plus sign. Furthermore we decompose u = geiΦ, set G = g2 and use the invariant
gradient notation
∇ = eˆx∂x + eˆy∂y + eˆz∂z = eˆr∂r + 1
r
eˆθ∂θ +
1
r sin θ
eˆϕ∂ϕ, (II.9)
5to obtain
λ1λ2λ3 = ±2 sin
2 ξ
(1 +G)2
∇ξ · (∇G×∇Φ), (II.10)
λ21 + λ
2
2 + λ
2
3 = (∇ξ)2 + 4
sin2 ξ
(1 +G)2
(
1
4G
(∇G)2 +G(∇Φ)2
)
, (II.11)
λ21λ
2
2 + λ
2
1λ
2
3 + λ
2
2λ
2
3 =
4 sin2 ξ
(1 +G)2
(
sin2 ξ
(1 +G)2
(
(∇G)2(∇Φ)2 − (∇G · ∇Φ)2)+
1
4G
(
(∇ξ)2(∇G)2 − (∇ξ · ∇G)2)+G ((∇ξ)2(∇Φ)2 − (∇ξ · ∇Φ)2)) .(II.12)
Now we introduce spherical polar coordinates and assume ξ = ξ(r) and u = u(θ, ϕ). This is
consistent with constraint (I.8) which is satisfied by both BPS submodels and can be written as
∇ξ · ∇u = 0 and ∇ξ · ∇u¯ = 0. (II.13)
In fact it is sufficient to assume ξ = ξ(r) and then u = u(θ, ϕ) follows from constraint (II.13). This
assumption implies that the strain tensor in spherical polar coordinates partially diagonalises such
that one eigenvalue (let us say, λ21) is equal to ξ
2
r , λ
2
1 = ξ
2
r . We choose λ1 = ξr and the plus sign
(or λ1 = −ξr and the minus sign), leading to
λ2λ3 = 2
sin2 ξ
(1 + |u|2)2 ieˆr · (∇u×∇u¯),
λ22 + λ
2
3 = 4 sin
2 ξ
∇u · ∇u¯
(1 + |u|2)2 ,
λ22λ
2
3 = 4 sin
4 ξ
(∇u · ∇u¯)2 − (∇u)2(∇u¯)2
(1 + |u|2)4 . (II.14)
The third equation is a consequence of the first, but it is nevertheless useful to see directly the
consequence of the complex eikonal equation (∇u)2 = 0. On the one hand, the complex eikonal
equation implies that u(θ, ϕ) is either a holomorphic or an antiholomorphic function, so that u can
be written as u = u(z) or u = u(z¯) where z = tan θ2e
iϕ. On the other hand, the complex eikonal
equation immediately implies that
λ22 = λ
2
3 = 2 sin
2 ξ
∇u · ∇u¯
(1 + |u|2)2 . (II.15)
For the second type of BPS system, the expressions in terms of ξ, G and Φ are more useful.
Indeed, using the separation of variables ansatz ξ = ξ(r), G = G(θ), Φ = Φ(ϕ), the equations for
the eigenvalues simplify to
λ21 = (∇ξ)2 = ξ2r , (II.16)
λ22 =
sin2 ξ
G(1 +G)2
(∇G)2 = sin
2 ξ G2θ
G(1 +G)2r2
, (II.17)
λ23 = 4
sin2 ξ
(1 +G)2
G(∇Φ)2 = 4 sin
2 ξ GΦ2ϕ
(1 +G)2r2 sin2 θ
. (II.18)
6Now we want to relate the BPS equations for the two submodels to equations for the eigenvalues
λi. Multiplying the BPS equation (I.7) of the second submodel L(2)24 by eˆr (multiplication by the
other two basis vectors perpendicular to eˆr gives zero), we obtain the equation
ξr = ±2 sin
2 ξ
(1 + |u|2)2 ieˆr · (∇u×∇u¯) ⇔ λ1 = ±λ2λ3. (II.19)
The first BPS equation (I.5) reads ∇u = ∓i∇ξ × ∇u and implies the constraints (∇u)2 = 0 and
∇ξ · ∇u = 0. Multiplying the BPS equation by ∇u¯ results in
∇u · ∇u¯ = ±ξrieˆr · (∇u×∇u¯) ⇔ 1
2
(
λ22 + λ
2
3
)
= ∓λ1λ2λ3. (II.20)
But the constraint (∇u)2 = 0 for this ansatz implies that λ22 = λ23 which directly leads to λ1 =
ξr = ±1, which is the radial BPS equation for this submodel, see [5].
For both submodels we find that, after a separation of variables ansatz ξ = ξ(r), u = u(θ, ϕ),
their BPS equations may be expressed as simple algebraic equations for the eigenvalues of the strain
tensor. The BPS equation for the second submodel is equivalent to λ1 = ±λ2λ3, whereas the BPS
equation of the first model is equivalent to the two equations λ2 = ±λ1λ3 and λ3 = ±λ1λ2. The
BPS equation of the BPS Skyrme model (I.10) may also be expressed in terms of these eigenvalues
as
λ1λ2λ3 = ±2m
λ
√
U(ξ). (II.21)
This BPS equation implies that the baryon density (II.7) is always either non-negative or non-
positive depending on the choice of sign. This implies that there is no negative baryon density
for charge B > 0 solutions. This can be contrasted with the standard Skyrme model L24 where
negative baryon density has been found in [15]. For example for B = 3 the negative baryon density
was found close to the origin and along tubes through the faces of the tetrahedron. Furthermore,
it was shown that λ22 6= λ23 for the B = 3 Skyrmion. For the second submodel we have λ1 = ±λ2λ3
which implies λ21 = ±λ1λ2λ3. Hence, in this submodel there is also no negative baryon density for
B > 0. A similar argument can also be applied to the first submodel, so that all BPS models we
discuss here do not have negative baryon density.
III. S3 BASE SPACE
Consider the Bogomolny equations (I.5) and (I.7) on a three dimensional sphere of unit radius
with line element
ds2 = dψ2 + sin2 ψdθ2 + sin2 ψ sin2 θdϕ2. (III.1)
For the ansatz ξ = ξ(ψ), u = u(θ, ϕ), then, equation (I.7) becomes
∇ψξ = ± 2i sin
2 ξ
(1 + |u|2)2 (∇θu∇ϕu¯−∇ϕu∇θu¯) , (III.2)
7where the components of the invariant gradient are given by
∇ψ = ∂ψ, ∇θ = 1
sinψ
∂θ and ∇ϕ = 1
sinψ sin θ
∂ϕ. (III.3)
This is solved by
ξ = pi − ψ and u = tan θ
2
eiϕ (III.4)
which has the same boundary conditions as on R3 if we interpret ψ = 0 as the origin and ψ = pi as
“infinity.” On the other hand, equation (I.5) gives
∇θu∓ i∇ψξ∇ϕu = 0 and ∇ϕu± i∇ψξ∇θu = 0. (III.5)
This is solved again by (III.4). Therefore, on S3 both BPS submodels do lead to a common solution,
as expected [13]. Solutions of higher topological charge on S3 are discussed in [16].
Recently a similar deformation of Skyrme-related Bogomolny equations has been considered,
where the coupling constants multiplying the quadratic and quartic terms of the model are replaced
by a space dependent function f [17] (for another possibility see [18]). Then the Bogomolny
equations take the form
f2ui ± iijkξjuk = 0 (III.6)
and
f2ξi ∓ 2i sin
2 ξ
(1 + |u|)2 ijkuj u¯k = 0. (III.7)
Now, for suitably chosen functions f the resulting Bogomolny equations have common topologically
nontrivial solutions on R3.
Due to the fact that the BPS equations on S3 base space coincide and have a common solution
in the charge one sector we can conclude that solutions of the BPS equations satisfy
E = E(1) + E(2) =
∫
S3
dΩ
(
λ22 + λ
2
3 + λ
2
1λ
2
3 + λ
2
1λ
2
2
)
+
∫
S3
dΩ
(
λ21 + λ
2
2λ
2
3
)
, (III.8)
= 2E(2) + E(2). (III.9)
In other word, the first BPS submodel gives a two times bigger contribution to the total energy
than the second BPS submodel for the B = 1 soliton solution,
E
(1)
on−shell = 2E
(2)
on−shell (III.10)
where the subscript “on-shell” emphasises that this is only valid for solutions of the BPS equations.
The fate of this relation on R3 and its relevance for the rational map ansatz will be investigated
in Section VII.
8IV. T = 0 THERMODYNAMICS OF THE COUPLED BPS SUBMODELS
BPS solutions have zero pressure by construction since the energy is topological and, therefore,
metric independent [19]. The corresponding BPS equations may be generalised to first-order equa-
tions for nonzero pressure, sheding light on the thermodynamical behaviour of the material system
described by the solitons. It is, thus, natural to analyse the soliton solutions in the BPS submodels
once a non-zero pressure is imposed.
A. The L(1)24 BPS model and non-zero pressure
Static Skyrmions of this model can be found from the ansatz ξ = ξ(r), together with the rational
map ansatz
u(z) =
p(z)
q(z)
, (IV.1)
where z = tan θ2e
iϕ is a stereographic coordinate on the unit sphere S2 parametrized by the usual
angular variables θ and ϕ. The resulting reduced energy functional reads
E(1) = 4pi
∫
dr
(
2B sin2 ξ(1 + ξ′2)
)
= 4piB
∫
dr
(
2η′2 − 2η2 + 4η) , (IV.2)
where, for convenience, we have introduced the target space variable
η = 1− cos ξ.
Then, the profile function follows from the corresponding reduced Bogomolny equation
η′ = ±
√
η(2− η), (IV.3)
which has the solution
η = 1− cos(pi − r) ⇒ ξ = pi − r (IV.4)
for r ∈ [0, pi] and 0 otherwise. R = pi is interpreted as the size of the compact Skyrmion. Here we
chose the minus sign and imposed the appropriate boundary conditions
η(r = 0) = 2, η(r = R) = 0, η′(r = R) = 0. (IV.5)
It is interesting to note that for the BPS submodel L(1)24 , all Skyrmions have the same size and
volume independently of the value of the topological charge - R(B) = pi and V (B) = V0 =
4
3pi
4.
Hence, increasing the baryon charge we increase the energy, E(B) = 8pi2|B|, stored in a fixed
volume. Therefore, one can say that this BPS submodel describes a very attractive BPS skyrmionic
matter, where solitons are confined in a fixed volume. The radial energy density is zero both outside
r = R and at r = 0, therefore the individual B = 1 Skyrmions are distributed on a spherical shell
of finite thickness which is independent of B. Their angular distribution is given by the rational
9map u = (p(z)/q(z)) of the solution which can be interpreted as the distribution of sigma model
lumps on the two-sphere.
The fact that the volume of a soliton and its radial profile function are independent of its
topological charge somewhat resembles a Bose-Einstein condensate (BEC). In a BEC phase a large
fraction of particles occupies the same lowest energy state, described by the same wave function.
Adding more particles, which is analogue to increasing the topological charge, just increases the
density of the condensate. Furthermore, a BEC is a phenomenon occurring close to T = 0 which
is the relevant phase for the applicability of the Skyrme model.
The constant volume of Skyrmions together with their BPS nature give a simple expression for
the mean-field baryon chemical potential
µ¯ =
(
∂E
∂B
)
V
= 8pi2, (IV.6)
which is equal to the energy of the charge one Skyrmion.
Furthermore, due to the compacton nature of Skyrmions in this submodel, there is another phase
of Skyrmionic matter - a gas of N non-overlapping B = 1 Skyrmions, each of volume V = V0. This
phase has exactly the same energy as the charge B = N Skyrmion, but the total volume of the
configuration is now N times bigger. This should be contrasted with liquid and gas phases in the
BPS Skyrme model where the volume and energy of a soliton are always linear functions of the
baryon charge.
The second order Euler-Lagrange equation for the profile ξ
η′′ + η − 1 = 0 (IV.7)
is solved not only for the Bogomolny equation (IV.3) but also for a whole family of first order
equations parametrised by a parameter C, namely
η′2 = η(2− η) + C
2B
. (IV.8)
This equation can be analytically solved providing the squeezed Skyrmion solutions
η(r) =

1− sin(r−
R
2 )
sin R
2
r ≤ R,
0 r ≥ R,
(IV.9)
where the size of the Skyrmion is
R = 2 arctan
√
2B
C
, (IV.10)
and the volume V satisfies the useful identity
tan2
1
2
(
3V
4pi
)1/3
=
2B
C
. (IV.11)
10
The parameter C measures the squeezing rate of the solution and therefore is related to the external
pressure imposed on the original BPS solution at zero pressure. The energy of this solution for
general C is
E(1)(P ) = 4piB
∫ R
0
dr
(
2η′2 − 2η2 + 4η) = 16piB ∫ 2
0
dη
2η − η2 + C4B√
2η − η2 + C4B
, (IV.12)
where the first order equation (IV.8) has been used to transform the base space integral into a
target space integral. Then we find
E(1)(C) = 16piB
(√
C
2B
+ arctan
√
2B
C
)
, (IV.13)
which can be written with (IV.11) in terms of the volume as
E(1)(V ) = 16piB
(
1
tan
(
3V
32pi
)1/3 + ( 3V32pi
)1/3)
. (IV.14)
This expression is linear in B, therefore, the mean-field baryon chemical potential is again equal
to the energy of the B = 1 Skyrmion, now at nonzero pressure. Furthermore, this energy allows
us to compute the proper thermodynamical pressure
p = −∂E(V )
∂V
=
C(
2 arctan
√
2B
C
)2 . (IV.15)
In other words the parameter C gives, in a rather complicated way, the thermodynamical pressure,
namely
p =
C
R2(C)
, (IV.16)
where we explicitly use the formula for the size of the squeezed Skyrmion R(C). In the small
volume limit (large C parameter) the energy and the pressure take the form
E(1)(V ) = 16piB
(
32pi
3V
)1/3
and p = 16piB
(
32pi
3V
)1/3 1
3V
. (IV.17)
This leads to the expected high pressure limit of the mean-field equation of state relating the
pressure and the mean-field energy density ρ¯ = E/V, namely
p =
ρ¯
3
. (IV.18)
This is exactly the mean-field equation of state of the L24 Skyrme model [20], [21].
B. The L(2)24 BPS model and non-zero pressure
Within this submodel it is not possible to simultaneously impose both boundary conditions for
the profile function, ξ(r = 0) = pi and ξ(r = ∞) = 0, because the condition ξ(r = ∞) = 0 is
11
not required for finite energy. Therefore, the Skyrmion solutions do not possess integer baryon
charge. An interpretation is that there are too strong repulsive forces in this submodel, such that a
Skyrmion cannot form, as opposed to the compactons in the L(1)24 model. Acting with an additional
external force by applying external pressure should give rise to conventional Skyrmions. Let us
start with the static energy for the second BPS submodel, where we insert ξ = ξ(r) and the solution
for the complex field u = tan θ2e
iBϕ, resulting in
E(2) = 4pi
∫ ∞
0
drr2
(
ξ′2 +
B2 sin4 ξ
r4
)
. (IV.19)
It is convenient to introduce the new base space variable y = 1/r, giving
E(2) = 4pi
∫ ∞
0
dy
(
ξ2y +B
2 sin4 ξ
)
. (IV.20)
Again, the full second order Euler-Lagrange equation for ξ is solved not only by the Bogomolny
equation but also by its one-parameter (D ≥ 0) generalisation
ξ2y = B
2 sin4 ξ +D, (IV.21)
where D = 0 gives the Bogomolny equation. The non-zero pressure boundary conditions translate
as
ξ(y =∞) = pi, ξ(y = y0) = 0, and ξy(y = y0) = 0, (IV.22)
where y0 = R
−1 and R is a compacton boundary at which we impose an external pressure. But the
first condition leads to difficulties. Namely, at leading order at y →∞, ξ2y = D. As a consequence,
the formal solution ξ = ±√Dy is unbounded which contradicts the assumed condition at y →∞,
namely ξ = pi. Therefore, the y =∞ (r = 0) boundary condition cannot be satisfied for solutions
of the non-zero pressure (D > 0) equation (IV.21).
It is instructive to recall the BPS case with no squeezing and D = 0, where the boundary
condition ξ(r = 0) = pi can be imposed but ξ(r = ∞) 6= 0. Hence, qualitatively the squeezing
brings the ξ = 0 end from “beyond infinity” to a finite distance while the solution at the origin
diverges.
The problem with D > 0 becomes more transparent if we insert the generalization of the
Bogomolny equation to the total energy so that
E(2) = 4pi
∫ ∞
0
dy
(
2B2 sin4 ξ +D
)
. (IV.23)
Obviously, for D > 0 the second term leads to infinite energy at y =∞ which is the origin r = 0.
Hence, in order to squeeze such a skyrmionic matter we have to use an infinite amount of energy
or act with infinite pressure. We interpret this as a very repulsive BPS skyrmionic matter which
cannot be squeezed by finite pressure.
A Skyrmion cannot exist in a ball of finite volume because of the singular behaviour at r = 0.
This can be resolved by also “squeezing” the configuration from the inner region which is achieved
by the following boundary conditions
ξ(r = R1) = pi and ξ(r = R2) = 0 (IV.24)
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or equivalently,
ξ(y = R−12 ) = 0 and ξ(y = R
−1
1 ) = pi. (IV.25)
One can easily verify that equation (IV.21) has finite energy solutions satisfying such boundary
conditions. These solutions may be expressed in terms of hypergeometric functions, but the re-
sulting expressions are rather complicated and not very instructive, so we do not show them here.
An instructive example can be provided in the limit when D  B2 which, physically, corresponds
to the limit of high pressure and high density. Then, we can choose the plus sign in (IV.21) and
obtain
ξy =
√
D, (IV.26)
leading to the solution with baryon charge B
ξ(r) =
√
D
(
1
r
− 1
R2
)
, (IV.27)
where r ∈ [R1, R2]. Furthermore the radii are related by the following condition
pi =
√
D
(
1
R1
− 1
R2
)
. (IV.28)
The corresponding energy reads
E = 4piD
(
1
R1
− 1
R2
)
= 4pi3
R1R2
R2 −R1 , (IV.29)
and the volume of the solution is
V =
4pi
3
(R32 −R31). (IV.30)
It follows that the energy cannot be expressed solely by the volume, but depends separately on the
volume and on the “size” (e.g. R2) of the solution which is related to the fact that the underlying
field theory is not of the perfect fluid type. For such field theories, the correct thermodynamical
definition of the pressure is given by the Weyl rescaling of the energy functional, see [19]. If the
space coordinates in d-dimensional Euclidean space are rescaled by ~x → eλ~x, then the pressure is
given by
p =
1
dV
∂E
∂λ
∣∣∣∣
λ=0
. (IV.31)
For the above energy expression the Weyl rescaling is just Ri → eλRi, leading to the pressure and
equation of state
p =
1
3V
E , ρ¯ ≡ E
V
⇒ p = ρ¯
3
, (IV.32)
which is the expected equation of state in the limit of high density.
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C. Oscillons in the L(1)24 BPS model
Although this issue is somewhat outside the main line of the present paper, it is interesting to
observe that in the L(1) BPS submodel there exists a different type of non-topological and non-
static soliton, the so-called oscillon. We first observe that the ansatz ξ = ξ(r, t), u = u(θ, ϕ) is still
compatible with the field equations and u continues to be solved by rational maps u(z) for this
ansatz.
In order to prove it we note that the ansatz implies the orthogonality ξµu
µ = ξµu¯
µ ≡ 0. As
a consequence, the last term in the Lagrangian density (I.3) vanishes identically and, as it is
quadratic in the action, it also vanishes in the equations of motion. Hence, for the above ansatz,
the model is just the CP 1 model multiplied by a real scalar field model, with Lagrangian density
L(1)24 = LCP 1Lξ , LCP 1 =
4uν u¯
ν
(1 + |u|2)2 , Lξ = sin
2 ξ(1− ξµξµ). (IV.33)
The ansatz implies for the Euler-Lagrange (EL) variation of u that(
∂
∂u
− ∂µ ∂
∂uµ
)
L(1)24 = Lξ
(
∂
∂u
− ∂µ ∂
∂uµ
)
LCP 1 (IV.34)
because Lξ only depends on r and t. Hence, the EL equations are just the field equations for the
CP 1 model. For the variation w.r.t. ξ we use that LCP 1 = r−2L˜CP 1(θ, ϕ) and find(
∂
∂ξ
− ∂µ ∂
∂ξµ
)
L(1)24 = r−2L˜CP 1
(
∂
∂ξ
− ∂µ ∂
∂ξµ
+
2
r
∂
∂ξr
)
Lξ (IV.35)
where the only effect of the last term is to replace the three-dimensional radial Laplacian ∂2r +
(2/r)∂r by the one-dimensional Laplacian ∂
2
r . To find the equivalent symmetry-reduced model for
the ansatz we now separate the Lagrangian L
(1)
24 =
∫
dΩR3L(1)24 as
L
(1)
24 =
(
−2
∫
ΩS2
(1 + zz¯)2
(1 + uu¯)2
(uzu¯z¯ + uz¯u¯z)
)∫
dr sin2 ξ (1− ξµξµ) (IV.36)
where we used that
dΩR3 = drr
2dΩS2 , dΩS2 =
2i
(1 + |z|2)2dzdz¯ (IV.37)
and
uµu¯
µ = −uiu¯i = −(1 + zz¯)
2
2r2
(uzu¯z¯ + uz¯u¯z). (IV.38)
Here we introduced the stereographic coordinate z = tan θ2e
iϕ. Note that the r−2 factor from uµuµ
cancels with the r2 factor from the volume form. The CP 1 part is minimised by rational maps of
degree B with energy ECP 1 = 4pi|B|. Hence,
L
(1)
24 = −2ECP 1
∫
dr sin2 ξ (1− ξµξµ) = 8pi|B|
∫
dr sin2 ξ (ξµξ
µ − 1) (IV.39)
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or, using η = 1− cos ξ,
L(1) = 8piB
∫
dr (ηµη
µ − η(2− η)) (IV.40)
where the r.h.s. is formally equivalent to a scalar field theory in 1+1 dimensions with a potential
with two vacua. To investigate solutions with small amplitudes around the first vacuum η = 0 we
substitute η(t, r) = (t, r) ≥ 0 and find
L(1) = 8piB
∫
dr (µ
µ − 2) . (IV.41)
The resulting equation of motion is
∂2t (t, r)− ∂2r (t, r) = −1. (IV.42)
Since the perturbation cannot take negative values one has to specify what happens for  → 0.
Following [22] we equip the field equation with the elastic bounce condition at (t, r) = 0 relating
the field velocities before and after bouncing. Namely
∂t(t, r)→ −∂t(t, r) when  = 0. (IV.43)
This condition can be removed if we extend the field (the target space) to a new auxiliary field
(extended target space) ˜ ∈ R with (t, r) = |˜(t, r)| by performing the unfolding procedure as
described in [22]. As a consequence, we derive the following evolution equation
∂2t ˜(t, r)− ∂2r ˜(t, r) = −sign (˜(t, r)) , (IV.44)
which is the signum-Gordon equation in (1+1) dimension. Strictly speaking, it is a version of
the model on R × R+. An interesting observation is that this equation still admits breather-like
solutions which are stable, non-radiating and time-periodic [23]. Furthermore, these solutions are
known in an exact form [23]. Let
˜1(t, r) =

− r22 0 ≤ r ≤ t,
t2
2 − rt t ≤ r ≤ 12 − t,
r2
2 + t
2 − r2 − t2 + 18 12 − t ≤ r ≤ 12 + t,
t2
2 + t(r − 1) 12 + t ≤ r ≤ 1− t,
− (1−r)22 1− t ≤ r ≤ 1,
0 otherwise,
(IV.45)
for t ∈ [0, 14] and
˜2(t, r) =

− r22 0 ≤ r ≤ 12 − t,
t2
2 + tr − r2 − t2 + 18 12 − t ≤ r ≤ t,
r2
2 + t
2 − r2 − t2 + 18 1− t ≤ r ≤ 12 + t,
t2
2 − tr + r2 + t2 − 38 1− t ≤ r ≤ 12 + t,
− (1−r)22 12 + t ≤ r ≤ 1,
0 otherwise,
(IV.46)
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for t ∈ [14 , 12]. Then the solution for time t can be written as
˜(t, r) =

˜1(t, r) 0 ≤ t ≤ 14 ,
˜2(t, r)
1
4 ≤ t ≤ 12 ,
−˜1(t− 12) 12 ≤ t ≤ 34 ,
−˜2(t− 12) 34 ≤ t ≤ 1,
˜(t, r) = ˜(t+ 1, r) otherwise.
(IV.47)
This solution has period T = 1 and describes an oscillating shell of size R = 1 and with the center
at Rc =
1
2 . Using the translation invariance of the reduced model it can be trivially moved to any
position Rc >
1
2 .
Moreover, since the signum-Gordon equation is dilatation invariant, the breather solution con-
stitutes in fact an infinite family of solutions
˜l(t, r) = l
2˜
(
t
l
,
r
l
)
, (IV.48)
where the arbitrary parameter l is the size and the period of the solution. The amplitude is l
2
16 and
the energy is
E =
2
3
piBl3. (IV.49)
Of course, our assumption of small amplitude leads to a restriction on the parameter l 1.
To summarise, these solutions are approximate solutions, and therefore the true solutions are
not breathers but very long lived oscillons. Analogous long lived oscillons can also be found for
small field fluctuations about the second vacuum at η = 2.
Compact breathers with arbitrarily small amplitude (arbitrarily long lived compact oscillons in
the model (IV.40)) have arbitrarily small energy and therefore form a sort of an infrared cloud
(a composition of non-overlapping compactons) which may dominate radiation/interaction in the
model (IV.40). It is also worth emphasizing that the oscillons are genuine 3+1 dimensional non-
topological objects (non-topological shell solitons) even though described by the effective 1+1
dimensional signum-Gordon equation. The detailed analysis of the oscillons in the model (IV.40),
their fate in the L(1)24 BPS model as well as their role in the full Skyrme model is very interesting
but goes beyond the scope of the present work. The perturbation of the signum-Gordon model
by a quadratic part of the potential has been investigated in [24]. In addition to breathers with a
fixed boundary, the signum-Gordon model also gives rise to breathers with oscillating boundaries
[25]. Consequently, the model (IV.40) should contain oscillons with oscillating boundaries (inner
and outer radial boundary) which become long lived in the limit of small amplitude.
Finally, nontopological long-lived breather-like structures in the Skyrme model have been re-
ported [26]. It would be interesting to verify if they are related with the presented signum-Gordon
breathers of the L(1)24 submodel.
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V. THE L(2)24 BPS MODEL AND ITS SOLVABLE NON-BPS EXTENSION
As we know, the second coupled BPS submodel does not support Skyrmions with an integer
baryon number. In fact, this may be interpreted as a strong repulsion built into the model.
The addition of a potential
L = L(2)24 +m2L0 (V.1)
not only breaks the BPS property of this submodel but also increases the attractive force acting
on the Skyrmion. This may result in the appearance of the usual infinitely extended Skyrmions
which possess an integer valued baryon charge.
The first important observation is that the ansatz assumed for L(2)24 BPS submodel
ξ = ξ(r) and u = v(θ)eiBϕ, (V.2)
still works and gives v = tan θ2 and the radial energy functional
E(2) + E0 = 4pi
∫
drr2
(
ξ′2 +
B2 sin4 ξ
r4
+m2U(ξ)
)
, (V.3)
where E0 = 4pim
2
∫
drr2U(ξ) is the contribution from the potential part. This ansatz continues
to work even after including the usual BPS Skyrme term. A finite energy requirement is that
ξ(r = 0) = npi, for n ∈ Z (we chose ξ(r = 0) = pi).
In the following we assume U(ξ = 0) = 0, so that U has its vacuum at ξ = 0. Then the second
boundary condition is limr→∞ ξ(r) = 0. Using these two boundary conditions, the lower topological
energy bound becomes
E(2) + E0 ≥ E(2) ≥ 4pi2|B|. (V.4)
A. The pion mass potential Upi
To find solutions, when a pion mass term is included, we need to consider the energy functional
E(2) + E0 = 4pi
∫
drr2
(
ξ′2 +
B2 sin4 ξ
r4
+m2(1− cos ξ)
)
. (V.5)
One can redefine the radial coordinate r → Br to obtain a one parameter family of models with
the energy scale multiplied by the charge B
E(2) + E0 = 4piB
∫
drr2
(
ξ′2 +
sin4 ξ
r4
+ β2(1− cos ξ)
)
(V.6)
and β2 ≡ B2m2. The corresponding field equation is
− 2∂r(r2ξ′) + 4
r2
sin3 ξ cos ξ + β2r2 sin ξ = 0. (V.7)
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Expansion at the origin where ξ = pi−η+o(η) is governed by the first two terms and is not affected
by the potential. We find that
ξ = pi − r + o(r). (V.8)
On the other hand, at r →∞ where ξ = η + o(η) we obtain
ξ = Ae
− β√
2
r
. (V.9)
The existence of the expansions at r = 0 (ξ = pi) and at r = ∞ (ξ = 0) gives some evidence that
there can exist integer baryon charge Skyrmions for (V.6). Especially, if one compares with what
happens for the BPS case without potential when
− 2∂r(r2ξ′) + 4
r2
sin3 ξ cos ξ = 0. (V.10)
For the asymptotic expansion at infinity we assume η = Crα, which leads to
− 2Aα(α+ 1)rα + 4A3r3α−2 = 0. (V.11)
Hence, α = 1. But this contradicts our assumption that ξ (or η) is close to the vacuum value for
r → ∞. So, there is no expansion at infinity which would give ξ = 0 for r = ∞. This completely
agrees with our previous finding that there is no integer baryon charge Skyrmions for the L(2) BPS
submodel.
Therefore, to solve the differential equation (V.7) we need to proceed numerically. We approx-
imate the derivatives by fourth order finite differences on a numerical lattice, and minimise the
energy functional with gradient flow. This produces an artificial solution which is supported by
the numerical lattice and the solution shrinks as the lattice spacing is reduced. This is due to what
numerically seems to be an infinite derivative. To proceed we consider the inverse problem. This is
analogous to solving a differential equation by separation of variables. We make use of the identity
ξ−1 (ξ(r)) = r to rewrite the differential equation (V.7) as (r˙ ≡ dr/dξ),
−4rr˙2 + 2r2r¨ + 4B
r2
r˙3 sin3 ξ cos ξ + r˙3β2r2 sin ξ = 0. (V.12)
We now consider the radius as r(ξ), with the boundary conditions r(ξ = 0) =∞ and r(ξ = pi) = 0.
Solving this, with gradient flow, produces the image in Fig. 1. As a further check we placed the
solution into the gradient flow for ξ(r) with a lattice spacing of 0.000001 and verified the previous
solutions.
The Skyrmion solutions we obtain have rather remarkable qualitative features. First of all, the
profile ξ looks like a step-function. Secondly the size of the Skyrmion, here identified with the
position of the rapid jump of ξ, does not significantly vary as we change the baryon charge. The
corresponding energy is very close to the bound (V.4). For m = 1 we find E/(12pi2B) = 0.3333
for B = 1, 2, 3, 4, which agrees with the bound for the given numerical precision. Furthermore,
the energy grows only very slowly as we increase the mass parameter and go away from the BPS
regime as shown in Fig. 1. For m ≈ 500 we found E/(12pi2B) = 0.36.
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FIG. 1: Left: Profile function ξ in the E(2) + E0 model with the pion mass potential and m = 1. Right:
Energy divided by 12pi2|B| as a function of the mass parameter for B = 1 (there is no discernible difference
for B = 2, 3, 4).
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FIG. 2: Profile function ξ in the L(2) +LBPS in the B = 1 sector. Here we assume the pion mass potential
Upi with m = 1.
B. Inclusion of the sextic term
As we have already mentioned, adding the sextic term does not spoil the applicability of the
ansatz. This is important, since it allows us to reduce the problem to a second order ODE for the
profile function ξ. In fact, L0 and L6 constitute the BPS Skyrme model, which for the assumed
ansatz reads
EBPS = 4pi
∫
drr2
(
λ2B2 sin4 ξξ′2
4r4
+m2U(ξ)
)
. (V.13)
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FIG. 3: Energy per baryon charge (left) and energy divided by the topological bound (V.16) (right) for
B = 1, 2, 3, 4 in the L(2) + LBPS model, as a function of the coupling constant λ. Here we assume the pion
mass potential Upi with m = 1.
Here we want to analyze the existence and properties of Skyrmions in a model which is a sum of
the second BPS submodel and the BPS Skyrme model
E(2) + EBPS = 4pi
∫
drr2
(
ξ′2 +
B2 sin4 ξ
r4
+
λ2B2 sin4 ξξ′2
4r4
+m2U
)
, (V.14)
where, for simplicity, the potential is chosen as the standard pion mass potential U = m2(1−cos ξ).
Equivalently, one can treat the model (V.14) as the BPS Skyrme model equipped with a partial
contribution from the Dirichlet and the Skyrme term. This is the maximal extension of the BPS
Skyrme model such that it admits a reduction to an ODE for the profile function ξ with the angular
dependence solved by the ansatz u = v(θ)eiBϕ and with the same v(θ) = tan θ2 .
First of all, let us observe that we can use the topological bounds for both parts of the model
separately, i.e. for the second coupled BPS submodel and for the BPS Skyrme model
EBPS ≥ 64
√
2pi
15
|B|. (V.15)
Then the improved bound reads
E(2) + EBPS ≥
(
4pi2 +
64
√
2pi
15
λm
)
|B|. (V.16)
In Fig. 2 we show the profile function ξ for some particular values of λ for charge one solutions.
For decreasing λ the solution approaches the previously found step-function like solution of the
E(2) +E0 model. In Fig. 3 we plot the energy per baryon charge and energy per topological bound
(V.16) for the first Skyrmions (B = 1, 2, 3, 4) as a function of the coupling constant λ. Here we
have chosen the mass parameter m = 1. As one may expect, the ratio E/Ebound tends to 1 as
λ→ 0. For increasing λ the ratio grows as we depart from the BPS theory. Finally, for very large
λ the ratio drops again. However, even for extremely large λ it is significantly above 1. This means
that even in this limit the quadratic term 4pi
∫
drr2ξ′2 provides an non-negligible contribution to
the total energy, and we do not approach the pure BPS regime.
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VI. THE L(1)24 BPS MODEL AND ITS NON-BPS EXTENSION
Here we consider an extension of the first coupled BPS submodel by the inclusion of a potential
L = L(1)24 +m2L0. (VI.1)
For m = 0, inserting the separation of variable ansatz ξ(r) and u(θ, ϕ) leads to a complete factori-
sation of the energy density into an angular part, which is equivalent to the CP(1) model on S2, and
a radial part. For m 6= 0 this is no longer true. Instead, the L(1)24 term contains an angular factor
proportional to the topological charge density on S2, whereas the potential part has no angular
dependence at all for potentials of the form U(ξ). After the separation of variables, the variation
w.r.t. u gives rise to Euler-Lagrange (EL) equations which can be identified with those of the
CP(1) model and have solutions given by rational maps. The EL equation for ξ, however, is the
sum of one angular-dependent term and one angular independent term, which is not compatible
with the separation of variables. The only exception is the spherically symmetric charge one case
u = z, where the topological charge density is a constant.
Therefore, in this section we will study how the inclusion of the potential influences the prop-
erties of the compacton in the B = 1 sector. The corresponding reduced energy functional is
E(1) + E0 = 4pi
∫
dr
(
2 sin2 ξ(1 + ξ′2) + r2m2U(ξ)) (VI.2)
= 4pi
∫
dr
(
2 sin2 ξξ′2 + 2 sin2 ξ + r2m2U(ξ)) (VI.3)
= 4pi
∫
dr
(
2η′2 − 2η2 + 4η + r2m2U(η)) . (VI.4)
Adding a potential means adding a new attractive force into the system. Therefore, at least for
the case of compact solutions, the size of the compactons will decrease. We find an analytical
understanding of this property in the following subsection. Furthermore, we can analytically study
how the potential breaks the BPS property.
A. The pion mass potential
For the usual pion mass potential, Upi = (1− cos ξ) = η, the model is
E ≡ E(1) + E0 = 4pi
∫
dr
(
2η′2 − 2η2 + (4 + r2m2)η) . (VI.5)
This energy integral has a unique vacuum at η = 0 in the relevant interval 0 ≤ η ≤ 2, and the
effective potential V = (4 + m2r2)η approaches its vacuum linearly, that is, V ∼ η for η → 0. As
a result, the static solutions in this BPS submodel are compactons.
The corresponding field equation is
η′′ + η −
(
1 +
m2
4
r2
)
= 0, (VI.6)
21
0 1 2 3 4 5
12m
Π
RH12mL
Π
R
Π
fHRL
FIG. 4: Dependence of the radius and f(R) function of the B = 1 Skyrmion in the L(1)24 + Lpi model on
1/2m.
with the general solution
η = α sin r + β cos r +
m2
4
r2 + 1− m
2
2
. (VI.7)
Now, we have to impose the proper boundary conditions for compactons (IV.5). Hence,
β = 1 +
m2
2
, (VI.8)
0 = α sinR+ β cosR+
m2R2
4
+ 1− m
2
2
, (VI.9)
0 = α cosR− β sinR+ m
2R
2
. (VI.10)
This leads to
α =
(
1 +
m2
2
)
tanR− m
2
2
R
cosR
, (VI.11)
where R is given by the following implicit formula whose graph is shown in Fig. 4
m2
2
=
1 + cosR
R sinR+ cosR− 12R2 cosR− 1
. (VI.12)
One can check that R is a monotonously decreasing function of the mass m. In the limit m = 0
we find the BPS submodel result R = pi, as expected. Furthermore, the expansion for small m
gives
R = pi −
√
pi2 − 4
2
m+ o (m) . (VI.13)
On the other hand increasing the mass parameter, and thereby increasing the attractive force,
shrinks the size of the Skyrmion according to
R = 2
4
√
2
1
m1/2
+ o
(
1
m1/2
)
for m→∞. (VI.14)
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This solution leads to the following exact expression for the energy
E = 8pif(R), (VI.15)
where f(R) is displayed in Fig. 4 and is given by
f(R) =
1
30(2 + (R2 − 2) cosR− 2R sinR)2 ×
[
240R− 20R3 + 14R5−
8R3(R2 − 10) cosR+ 4R(60− 35R2 + 2R4) cos 2R+ 40R2(R2 − 6) sinR−
(240(1−R2) + 55R4) sin 2R] , (VI.16)
and the size R of the soliton depends on the mass m by (VI.12). This function is a monotonously
decreasing function of R. For R→ pi, which coincides with the limit m→ 0, it tends to its minimal
value f(pi) = pi. This gives E = 8pi2 for m = 0. More precisely, for R→ pi we find
f(R) = pi +
pi
6
pi2 − 6
pi2 − 4(R− pi)
2 + o((R− pi)2). (VI.17)
Similarly, for small radius
f(R) =
128
21
1
R
+O(R). (VI.18)
Combining this with the relation between the size of the compacton and the mass leads to
E(B) = 8pi2
(
1 +
pi2 − 6
6
m2 + o
(
m2
))
, m→ 0. (VI.19)
As was observed above, rational maps are not solutions of the problem for B > 1. This leads to
several interesting questions about the case of higher B. First of all, we may calculate higher B
solutions approximately within the rational map ansatz approximation as is done for the standard
Skyrme model L24. That is to say, we assume separation of variables and also assume that u is
given by a rational map. Then we integrate over the angular part of the energy functional where
the integral over the CP(1) charge density just gives B. After the replacement m2 → (m2/B), the
resulting reduced energy functional for ξ(r) leads to the same EL equation (VI.6) and, therefore,
to the same solution and boundary conditions.
There is, however, one important difference between the rational map ansatz in the massless
standard Skyrme model and our case. In the standard Skyrme model, the Skyrme term (more
precisely, the L(2)24 contribution to it) selects one rational map as its minimiser which determines
the optimal rational map and, therefore, the symmetry of the corresponding Skyrmion. In our
case, the potential does not depend on u at all and, therefore, cannot lift the degeneracy between
arbitrary rational maps within the rational map ansatz approximation. This leads to the second
question about the geometry of the energy minimizers in each topological sector. The potential
term is not compatible with the separation of variables, so it will most likely lift the rather large
degeneracy of the L(1)24 model for true (numerically calculated) Skyrmions. The resulting Skyrmions
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will, therefore, have definite shapes and symmetries. These symmetries will in general be different
from the symmetries of Skyrmions in the L24 model. The two different symmetries from the mass
term in the model considered here, on the one hand, and the massless standard Skyrme model, on
the other hand, and their competing effects might be useful to understand the shapes of standard
Skyrmions with massive pions. Similar considerations hold for other potential terms. In any case,
this issue requires full three dimensional numerical calculation, which goes beyond the scope of the
present paper. We plan to investigate this in the future.
VII. THE SKYRME MODEL AND THE RATIONAL MAP ANSATZ
The fact that arbitrary rational maps (IV.1) are solutions of the first coupled BPS submodel
provided an explanation why the rational map ansatz works remarkably well for the massless
Skyrme model L24 [5]. Here we further investigate this problem.
In a first step, we numerically calculate the true soliton solutions of the massless Skyrme model
L24 with B = 1, . . . , 8. Then we compute the corresponding on-shell energies of the first E(1)
and second E(2) coupled BPS submodels. Obviously, for each B they sum to the energy of the
Skyrmion of the massless Skyrme model, E24 = E
(1) + E(2). It is instructive to plot the on-shell
energies divided by the respective topological bounds. Fig. 5 shows that the energy of the first
BPS submodel computed on the true solution of the full E24 model is very close to the topological
bound, with the ratio approaching approximately 1.05 for higher values of the topological charge.
This implies that the solution of the full L24 model is rather close to a solution of the L(1) submodel
which can be parametrized by rational maps. On the other hand, the on-shell energy of the second
BPS submodel exceeds the corresponding bound much more significantly. This explains why the
angular part of a solution of the first BPS Skyrme submodel, rather than the solution emerging
from the second BPS submodel, provides a good guess for the true massless Skyrmions. In this
approximation, the role of the second submodel L(2) is to select a minimising rational map among
all rational maps of a given degree. In addition, Fig. 5 shows that the second BPS submodel is
the main source of the binding energy problem in the Skyrme model L24.
The on-shell ratios E(1)/(8pi2|B|) and E(2)/(4pi2|B|) seem to provide a good indication when the
rational map ansatz is a good approximation. Indeed, one can compute them for Skyrme models
with arbitrary potentials or with a contribution from the sextic term. If E(1)/(8pi2|B|) is close to
one, then the rational map is still a good approximation. It is, however, completely plausible that
for many potentials, with or without the inclusion of the sextic term, the ratio is much above one.
This should result in a different ansatz for solutions of such a generalized Skyrme model. It is
an intriguing question whether in such a situation the second ratio, E(2)/(4pi2|B|), can be made
closer to one. Then, the ansatz inherited from the solutions of the second BPS submodel might
be the right guess. We emphasize that knowing good analytical approximations for Skyrmions is
important for numerical calculations.
If both bounds were saturated at the same time, then the ratio between the energy of the first
24
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FIG. 5: Left: On-shell energy of the first and second BPS submodels divided by the corresponding topological
bounds as a function of the topological charge. Right: Ratio between the on-shell energies of the first and
second BPS submodel.
and the second BPS submodels would read
E(1)
E(2)
∣∣∣∣∣
saturated
= 2. (VII.1)
As we know, this happens on S3 base space. For the usual R3 base space the bounds cannot be
simultaneously satisfied. We found that for the true Skyrmions in the massless Skyrme model this
ratio grows with the baryon charge but never approaches the “saturated” value as shown in Fig.
5.
VIII. CONCLUSIONS
In the present paper, we further analysed the coupled BPS submodels of the L24 Skyrme model.
Although the submodels are coupled, which means that they always co-exist, one can investigate
them separately, as some features of Skyrmions in the full theory may originate from one of the
submodels. Due to the fact that, by construction, these submodels are examples of BPS theories,
they offer unique analytical insights into properties of Skyrmions. Let us summarise the main
results.
1. Geometric explanation of the coupled BPS submodels. A target space coordinate-independent
formulation of these models together with the corresponding Bogomolny equations is given by the
eigenvalues of the strain tensor. The Bogomomy equations for each of the models are just a subset
of the Bogomolny equations emerging in a derivation of the topological Skyrme-Faddeev bound for
the Skyrme model.
2. Explanation of the success of the rational map ansatz (RMA). The success of the RMA in the
construction of approximate solutions of the standard massless Skyrme model L24 can be explained
by the fact that the on-shell value of the E(1) energy is remarkably close to the relevant topological
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bound. This implies that the solution of the full L24 model is rather close to a solution of the L(1)
submodel which is solved by rational maps.
3. Thermodynamics at T = 0. We found that, in spite of many differences, both submodels
have the same mean-field equation of state (MF EoS) in the high pressure regime p = ρ¯/3. As ex-
pected, this coincides with the MF EoS for the L24 Skyrme model. Of course, it gives a subleading
contribution to the MF EoS of the full Skyrme model L0246 in the high pressure limit, where the
thermodynamics is governed by the sextic term [20], [27].
Still, the submodels describe rather different types of Skyrmionic matter. In the first coupled BPS
submodel we found a very attractive matter which resulted in compactons while in the second sub-
model the matter reveals a very repulsive nature. In the L24 Skyrme model, where both submodels
co-exist, there is a balance between these two opposing properties leading to the appearance of
crystal structures [28]. Understanding the details of this process requires further analysis.
4. Bose-Einstein condensate. It is a rather surprising fact that the volume of Skyrmions in the
first coupled BPS Skyrme submodel is independent of the topological charge. This behaviour has
some similarities with that of a Bose-Einstein condensate. Such a BEC would not be a condensate
of individual Skyrmions because it occurs already in the charge one sector. This resembles the
perfect fluid property of the BPS Skyrme model where even the B = 1 solution is a perfect fluid
droplet. The observation of a BEC-like sector within the Skyrme model is interesting and definitely
deserves further investigation.
5. Oscillons. There is also a rich nontopological sector in the L(1)24 BPS submodel where
approximate exact oscillons can be found. Notably, they can oscillate for an arbitrarily long time
by reducing their amplitude. Therefore, such small amplitude oscillons dominate interactions in
this submodel. Whether they give rise to some nontopological structures in the L24 Skyrme model
[26] or can be detected in Skyrmion interactions [29] requires further investigations.
6. Existence of a solvable non-BPS model. The second BPS submodel can be extended to
various non-BPS theories by the addition of new terms, in such a way that the corresponding
ansatz for the S2 part of the Skyrme field remains valid. As a result, we are left with an ODE for
the Skyrme profile function ξ where the topological charge enters as a parameter, which allows for
easy studies of such models for any value of the topological charge.
This is an interesting observation, as it provides an extension of the BPS Skyrme model, where
the quadratic as well as quartic terms are partially taken into account, which gives the main
contribution to thermodynamical and bulk properties at higher density/pressure [20]. This can
have obvious applications to nuclear matter, neutron stars [30] and hairy black holes [31].
It is widely known that a restriction of the Skyrme model to a two-sphere target space (simply
by assuming that ξ takes a constant value which leaves only u ∈ C or equivalenty n ∈ S2 degrees
of freedom) gives the Skyrme-Faddeev-Niemi model conjectured to be relevant for the low energy
sector of the quantum SU(2) Yang-Mills theory and therefore a candidate for a model of glueballs
[32]. It is a matter of fact that each of the coupled BPS submodels contains a different contribution
from the SFN model. The first BPS submodel contains the (∂µn)
2 term which is the kinetic
part generated by the dimension two condensate, while the second BPS submodel contains the
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(∂µn × ∂νn)2 term. This term follows from the YM action if the Faddeev-Niemi-Cho-Shabanov
decomposition of the gauge field is assumed [32], [33]. In particular, it carries magnetic monopole
like degrees of freedom of the original gauge field, which coincides with previous remarks that
the second BPS submodel resembles a dilaton-magnetic monopole system [34]. It would be very
desirable to better understand a possible relation between the coupled BPS structures of the Skyrme
model and the Skyrme-Faddeev-Niemi action.
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